Abstract Aimed at evaluating the structural stability and flutter risk of the system, this paper manages to quantify epistemic uncertainty in flutter analysis using evidence theory, including both parametric uncertainty and method selection uncertainty, on the basis of information from limited experimental data of uncertain parameters. Two uncertain variables of the actuator coupling system with unknown probability distributions, that is bending and torsional stiffness, which are both described with multiple intervals and the basic belief assignment (BBA) extricated from the modal test of actuator coupling systems, are taken into account. Considering the difference in dealing with experimental data by different persons and the reliability of various information sources, a new combination rule of evidence--the generalized lower triangular matrices method is formed to acquire the combined BBA. Finally the parametric uncertainty and the epistemic uncertainty of flutter analysis method selection are considered in the same system to realize quantification. A typical rudder of missile is selected to examine the present method, and the dangerous range of velocity as well as relevant belief and plausibility functions is obtained. The results suggest that the present method is effective in obtaining the lower and upper bounds of flutter probability and assessing flutter risk of structures with limited experimental data of uncertain parameters and the belief of different methods.
Introduction
In engineering applications, there exists some difference between practical and theoretical values of the actuator coupling system's bending and torsional stiffness due to factors such as clearance and the wear of mechanism in the process of rudders' installation and use, which will bring unfavorable errors to flutter analysis. Moreover, the difference of data selection from the modal test of actuator coupling system, as well as the selection of flutter analysis method in numerical calculations and the analysis of the finite element models, also has direct influence on flutter analysis results. However, it is still unknown to what extent these factors will influence flutter. Therefore, the problem of how to quantify the difference and errors and their effects on flutter to provide reference for engineering analysis is still awaiting solution.
In the analysis and design of aeroelasticity, these kinds of uncertainties are very common. In order to improve the accuracy of analysis and make full use of the potential of aircraft design, studies on uncertainty quantification (UQ) have become a research hotspot in both domestic and overseas recently. The stability, response and design problems of the aeroelastic system with the influence of uncertainty are mainly studied in aeroelastic uncertainty quantification. 1 In the discussion of aeroelastic uncertainty, we generally employ two commonly recognized classes: aleatory uncertainty and epistemic uncertainty. 2 Aleatory uncertainty, a kind of irreducible uncertainty, is usually amenable to probabilistic description and can be quantified by probabilistic method. However, epistemic uncertainty often results from the lack of information, limited knowledge or human error. It is a kind of subjective uncertainty and can be reduced with sufficient data and information. Particularly, parametric uncertainty is generally included in aleatory uncertainty, unless the information of the input parameters is insufficient or incomplete, in which case it is better characterized as epistemic. 2 The most commonly and widely used quantification methods in aeroelasticity include probabilistic methods, robust methods and evidence theory. Evidence theory is an available method for epistemic UQ.
Aeroelastic UQ has been more and more studied and used in engineering practice both at home and abroad. As for probabilistic methods and robust methods, Pettit et al. 3, 4 introduced Monte Carlo simulation (MCS) and non-intrusive polynomials chaos (NIPC) method in parametric UQ in flutter analysis and limit-cycle oscillations; Li and Yang 5, 6 explored MCS method in UQ of nonlinear airfoil and developed flutter risk assessment; Dai et al. 1 formulated a probabilistic robust framework of aeroelasticity for small flutter risks, taking account of both robustness and risk. All these studies and more relevant studies are described in detail in Ref. 7 For epistemic uncertainty, fuzzy set theory was first introduced by Zadeh 8 based on possibility theory in UQ. Then evidence theory, which was also called Dempster-Shafer theory was presented by Shafer. 9 Shafer's theory can handle both kinds of uncertainties, aleatory and epistemic, but it still had some limitations. Yager et al. 10, 11 further developed evidence theory and presented a new evidence combination rule, Yager rule. Pettit 3 summarized the sources of different kinds of uncertainties in aircraft design and test. He also proposed the use of UQ method in insuring aeroelastic stability of the airplane. Ha-Rok and Grandhi 2 summarized the classification of uncertainty problems, demonstrated relevant methods in quantifying different uncertainties, and explored epistemic UQ of structural parameters. Later, they applied evidence theory to UQ of structural response and sensitivity analysis with multiple uncertain parameters. 12 Sentz 13 and Ferson et al. 14 developed combination rules of evidence from different sources, and methods of basic belief assignment (BBA) to deal with epistemic uncertainty in their technology reports. Oberkampf and Helton 15 combined the evidence of the uncertain variables from different sources using lower triangle metrics method, and compared the results of UQ by MCS method with that by evidence theory. Salehghaffari and Rais-Rohani 16 developed a methodology for quantifying epistemic uncertainty in the analysis of nonlinear finite element models involving large plastic deformation at different strain rates and temperatures and obtained a reasonable result in modeling epistemic uncertainty in Johnson-Cook plasticity model. Akram et al. 17 explored the difference between MCS method and evidence theory in UQ of aircraft engine and accomplished the sensitivity analysis. Gogu et al. 18 discussed the applicability of belief and plausibility approximation method in multi-dimensional functions and multioutput response problems, and thought about the application in aircraft design. Riley 19 introduced model uncertainty and predictive uncertainty in flutter uncertainty quantification with Dempster-Shafer theory, and proposed instructions on the design and selection of models for simulations.
Among traditional UQ methods, MCS, structured singular value (l) method and NIPC method are widely used to deal with aleatory uncertainty. As for epistemic uncertainty, however, studies on evidence theory are limited to theory and mathematic levels, and the sources of data as well as the original BBA do not usually come from engineering practice. According to Ref. 7 , it is meaningful to introduce polynomials chaos method in flutter analysis of rudder. However, this application needs large amounts of experimental data, which conflicts with the fact that the result data of various experiments, including model test, is limited. Furthermore, though the epistemic uncertainty brought by analysis method selection has been studied before, it has not been combined with parametric uncertainty in the same system in quantification. Therefore, it is the focus of this paper to extricate interval information from limited experimental data and construct BBA, in order to carry out parametric UQ with insufficient information, and take epistemic uncertainty brought by human factors and selection difference into account.
On the basis of the advantages and disadvantages of previous evidence combination rules, weighting lower triangular matrices method is presented for constructing combined BBA, considering the difference in dealing with experimental data by different persons and the reliability of various information sources. Considering both parametric uncertainty and method selection uncertainty simultaneously in the rudder system, evidence theory used in the response process with multi-input is developed. Then belief and plausibility functions of flutter velocity are obtained as the bounds of probability, which is the basis of flutter risk assessment. A typical rudder of missile is selected to examine the present method. Interval information and BBA of the actuator coupling system's bending and torsional stiffness, with unknown probability distributions, are extricated from the modal test data of 20 sets of actuator coupling systems. Epistemic uncertainty brought by selecting software ZAERO and MSC. NASTRAN in flutter analysis is also included. Three cases, i.e., considering single method selection uncertainty, considering single parametric uncertainty, and considering both kinds of epistemic uncertainties, are analyzed respectively. Then the dangerous velocity range as well as the belief and plausibility functions is obtained. Finally, comparison between the analysis results of evidence theory and probabilistic flutter method is made.
Theory and methodology

Evidence theory
Typically in the analysis and design of aeroelasticity, uncertainty in analysis method selection or calculation models is epistemic, as well as structural properties with limited sample sizes or unknown probability density function (PDF). For different methods and calculation models, the degree of belief is different. Instead of getting the single determined value of the random variable's probability using probabilistic methods, the belief and plausibility functions are obtained by epistemic UQ in the case of incomplete and insufficient information of the input parameters or the difference of human factors. That is, it is more reasonable to present bounds for the result, as opposed to a certain value of probability. The belief and plausibility are the lower and upper bounds of a probability interval of the variable.
In order to accomplish epistemic UQ using evidence theory, a frame of discernment consisting of several mutually elementary propositions must be defined firstly. As for parametric uncertainty, these elementary propositions are given as interval information. X is the defined frame of discernment of an uncertain problem, which has three elementary intervals of the uncertain parameter, a, b and c, as shown in Eq. (1) In evidence theory, BBA provides a method to express a certain belief to a proposition. Let X represent the frame of discernment, then the power set of X, PðXÞ is expressed as PðXÞ ¼ £; fag; fbg; fcg; fa; bg; fa; cg; fb; cg; fa; b; cg f gð2Þ
According to Dempster-Shafer Theory 2,13 , BBA is assigned by the use of a mapping function, m, to express our belief to each element of PðXÞ with a number at the unit interval [0, 1]: m : PðXÞ ! ½0; 1 ð 3Þ
where m is the BBA function, which has three properties 13 : mðAÞ P 0; 8A 2 PðXÞ
It is worth noting that BBA is not a kind of probability and does not meet the probability theory. 9 The gap between the belief Bel(A) and the plausibility Pl(A) of proposition A, is the measurement of epistemic uncertainty 16 as shown in Fig. 2 . The sum of the belief of A and its complement A is less than 1 in evidence theory, which is different from probability theory. The probability of proposition A is within interval ½BelðAÞ; PlðAÞ, that is BelðAÞ 6 PðAÞ 6 PlðAÞ ð 5Þ
where Bel(AE) and Pl(AE) are belief and plausibility functions, which are given as
Combination rules of evidence
It is relatively easy to construct BBA when the source of uncertainty information for the parameter is single. However, when the sources of the information are multiple, the BBAs are different for the same proposition. It is necessary to construct a new BBA structure from the BBA structures given by different evidence sources using proper evidence combination rules. Generally, Dempster's rule of combination 13 and Yager's rule of combination 9 are two widely used rules. However, as an early rule, the former one is not applicable to situations where conflicting evidence exists, and the latter one neglects the reliability of different information sources. Considering the advantages and disadvantages of the previous methods, weighting lower triangular matrices method is presented in this paper on the basis of the lower triangular matrices method, by introducing the weighting factors of information sources.
Weighting lower triangular matrices method is mainly used to deal with the construction of BBAs for the epistemic uncertainty parameters in case of multiple information sources. The combined BBA is obtained by the use of the present method when a series of intervals and relevant BBAs are given. Let L 1 ; L 2 ; Á Á Á ; L n be the lower values for n intervals, U 1 ; U 2 ; Á Á Á ; U n be the upper values of the intervals, and mð½L i ; U i Þ be the BBA for the interval ½L i ; U i , then the n Â n lower triangular matrix of the m information sources can be written as
By using traditional lower triangular matrices method 12 , the combined lower triangular matric B is obtained by
where B i denotes the matric of the ith information source, and the elements of B denote the combined BBA of the parameter. The conflicting evidence and different information sources are taken into account rather properly in the lower triangular matrices method, while the reliability and belief of different information sources are considered the same by the use of averaging method in Eq. (8) . In engineering applications, information originates from experimental, software simulation or empirical formulas, and their difference should be sufficiently considered. Therefore, by introducing the belief of dif- ferent sources, the combination rule of the weighting lower triangular matrices method is
where k i denotes the weighting factor of the ith information source, which satisfies 0 < k i 6 1 and P t i¼1 k i ¼ 1. In the case of k i ¼ 1=tði ¼ 1; 2; Á Á Á ; tÞ, the present rule is equivalent to the lower triangular matrices method. So the latter rule can be regarded as a special case of the present rule.
Belief and plausibility functions of the response
Considering epistemic uncertainty of the system, the belief and plausibility functions of the response are obtained on the basis of the combined BBAs of the input parameters from different information sources using the evidence combination rules. For the response process Y ¼ fðZÞ; whose input parameter vector
½ has p variables with epistemic uncertainty, the joint proposition C of elementary proposition is constructed for the structural system model as
where X 1 ; X 2 ; Á Á Á ; X p denote the intervals sets (frame of discernment) of the p variables Z 1 ; Z 2 ; Á Á Á ; Z p , and the relevant numbers of the intervals are I 1 ; I 2 ; Á Á Á ; I p . x 1i 1 ; x 2i 2 ; Á Á Á ; x pi p denotes the subintervals, 0 6 ni n 6 I n ðn ¼ 1; 2; Á Á Á ; pÞ; c k denotes the p-dimensional joint proposition set constructed by several subintervals, and there are I 1 ; I 2 ; Á Á Á ; I p joint proposition sets c k in C.
The BBA of the joint proposition set C is defined as
Due to the unknown distributions in the intervals of the parameters, the belief and plausibility functions are discontinuous and closely related to joint proposition C. In engineering applications, when the limit-state values of response are given, we can get the satisfied belief and plausibility. For the response process Y ¼ fðZÞ, the safe regions of the system response is defined with a limit-state value v:
where X denotes the set of parameter vector Z. The belief and plausibility functions are obtained by checking all the joint BBA structures which suit the conditions
Flutter uncertainty quantification
Typical flutter equation is
where M and K are generalized mass and stiffness matrices. A is generalized unsteady aerodynamic matrix, and it is the complex function about Mach number and reduced frequency k ¼ xb=V. x and b denote the natural frequency and the reference chord length. q; V and q denote atmospheric density, flight velocity and generalized coordinates. Generally, several methods, like V-g method, p-k method, k method and g method, are explored to solve the flutter equation. ZAERO (ZA) and MSC.NASTRAN (NAS) are two most commonly used software to conduct flutter analysis, which have different methods in calculating unsteady aerodynamic forces and difference in the results. There are many epistemic uncertainties brought by human factors, since personal experience and individual preference dominate in selecting the software. On the basis of the two methods and relevant uncertainty, BBA is constructed. The belief m 1 (ZA) and m 2 (NAS) satisfies
In addition to method selection uncertainty, parametric uncertainty of bending and torsional stiffness coefficient, x B and x T should also be taken into account in flutter uncertainty quantification of missile's rudder. Due to limited sample sizes of experimental data and unknown probability distributions of the parameters, evidence theory is selected to conduct the quantification instead of probabilistic method, as shown in Fig. 3 . The response process with input variables x B ; x T and output, flutter velocity V f can be described as
For a given velocity V v , PlðY v Þ and BelðY v Þ, the sum of BBAs of the joint proposition c k in Eq. (13), in which the flutter velocity V f is smaller than the limit-state value, are the plausibility and belief of flutter velocity, i.e., upper and lower bounds of the probability. Fig. 3 Procedure of epistemic UQ in flutter analysis.
Presentation of result
Model description
A typical rudder of missile with low aspect-ratio is selected to examine the present method, which has two freedoms, bending and torsion, as shown in Fig. 4 . The actuator coupling system of the rudder is composed of actuator and drive mechanism. The bending and torsional stiffness are simulated by bending and torsional springs of the finite element models with adjustable spring coefficients. Flutter analysis is conducted in the range of subsonic speed. Both software ZAERO and MSC.NASTRAN are selected to accomplish the flutter analysis with p-k method, in which, unsteady aerodynamic forces are calculated by ZONA6 method and Doublet-Lattice method, respectively. Considering the bending and torsional stiffness of the actuator coupling system with uncertainty, the coefficients of the bending and torsional springs of the finite element models are written as
where k B ; k T (N Á m=rad) are coefficients of the bending and torsional springs; l B ; l T are uncertainty factors, whose interval information and BBAs are given with unknown distributions; k B0 ; k T0 are two constants, k B0 ¼ 10 9 ; k T0 ¼ 10 10 .
Experiment data processing and BBA construction
It is the foundation of UQ using evidence theory, as well as the focus of the present method to extricate uncertainty information of parameters from experimental data. Table 1 shows the modal frequencies of the modal test of 20 sets of actuator coupling systems. Due to the manufacturing and installing error of actuators and drive mechanisms, the frequencies have large dispersion. Based on the test data, the finite model of the rudder is modified to insure that results of simulation and experimental fit well. After deterministic calculation, we can easily get 20 groups of values of uncertainty factors, l B ; l T and relevant flutter velocities, as shown in Table 2 .
In the case of limited sample sizes of experimental data and insufficient information, accurate PDF of parameters cannot be obtained, nor the accurate mean value and variances that can describe the parameters' distributions. Therefore, it is more reasonable to represent the uncertainty as epistemic instead of aleatory. A series of elementary intervals is obtained based on the experimental data, then multiple intervals are selected among the power set and the relevant BBAs are constructed using the method introduced by Salehghaffari and Rais-Rohani in Ref. 16 . The division of the elementary intervals greatly depends on the distribution of the experimental data and expert's experience.
According to the criterion of Salehghaffari and Rais-Rohani, two adjacent elementary intervals of uncertainty can be categorized into one of the three different relationships: ignorance, agreement and conflict. 16 Considering two adjacent intervals I 1 and I 2 , the number of experimental data in them are represented as N 1 and N 2 (N 1 < N 2 ), and the total number of the data is represented as N. For the case of N 1 /N 2 6 0.5, the criterion considers the relationship between I 1 and I 2 as ignorance, with the BBA expressed as
Based on the criterion, the relationship of agreement between intervals I 1 and I 2 is defined by N 1 /N 2 P 0.8. The relevant BBA is in the form as Table 1 Results of modal test of actuator coupling systems.
As for the relation of conflict (0.5 < N 1 /N 2 < 0.8), the constructed BBA is
On account of the difference of dealing with the experimental data by different persons, the intervals and BBAs are not the same. Considering two types of data processing of l B and mu T as Source 1 and Source 2, the intervals and BBAs of the two parameters are shown in Fig. 5 . Table 3 shows the BBA of calculation method in three cases, considering epistemic uncertainty brought by two kinds of flutter analysis methods. The three cases of BBA, in which the basic belief of the two methods may be different in different computational states for different analytical objects, are given by expert experience.
Quantification results of method selection uncertainty
When single method selection uncertainty is considered while parametric uncertainty is neglected, the spring coefficients of Table 4 . In Case 2, belief and plausibility functions and cumulative probability function (CDF) of velocity are obtained in Table 5 . Results show that the probability, belief and plausibility are equal to each other after quantification of method selection uncertainty.
Quantification results of parametric uncertainty
When single parametric uncertainty of the actuator coupling system is considered while method selection uncertainty is neglected, software ZAERO and NASTRAN are selected to conduct the flutter analysis, respectively. Taking the weighting factors of the two information sources as 0.5, the weighting lower triangular matrices method is used to construct combined parameter intervals and BBA, as shown in Fig. 6 . Based on the interval and BBA information of input parameters, we can easily get the joint proposition and the relevant BBA in Table 6 . The belief and plausibility functions of flutter velocity obtained by ZAERO and NASTRAN using evidence theory are shown in Fig. 7 . The results are compared with a special case, in which the two parameters satisfy Gaussian distributions.
In Fig. 7 , ordinate denotes the belief or plausibility of flutter occurrence of the rudder for the belief and plausibility curves. If both ordinates of the two curves equal 0, the rudder Fig. 6 Combined parameter intervals and BBA by the weighting lower triangular matrices method. system is stable; if both equal 1, the flutter occurs; then the ordinates between 0 and 1 denote the risk region, in which, the system has a probability to flutter. As for CDF (MCS) curve, ordinate denotes the certain flutter probability. CDF (MCS) curve is right between the belief and plausibility curves, which suggests the basic law that belief and plausibility are the lower and upper bounds of flutter probability is accurate.
Comprehensive analysis of parameter and method selection uncertainty
In engineering applications, parametric and method selection uncertainty usually exists in the same system, and a more comprehensive result can be obtained when taking both uncertainties into account simultaneously. Based on the weighting lower triangular matrices method, set the belief of both ZAERO and NASTRAN as 0.5, we can obtain the velocity intervals and the relevant BBA by flutter calculation. The belief and plausibility functions of the flutter velocity are shown in Fig. 8 .
The plausibility and belief function curves of the velocity have a stair-step shape. Velocity intervals using the comprehensive method in Fig. 8 are much larger in quantity compared with those in Fig. 7 , and the ''stair-step'' seems denser, which indicates more accurate upper and lower bounds of flutter probability. According to Large difference between A and B makes it difficult to decide which interval is a better choice in engineering applications. At this point, C is a balancing result and gives a more accurate and adequate bounds of flutter probability.
In the velocity range: 710-725 m/s, two obvious changes of the plausibility obtained by the comprehensive analysis occurs, from 0.51344 to 0.70094, while that got by ZAERO remains unchanged as 0.50689. The results show that the accuracy will decrease if method selection uncertainty is neglected in parametric uncertainty quantification using evidence theory.
Hence, we can get more detailed, accurate and comprehensive interval information of velocity and plausibility and belief function curves using the present method.
Conclusions
In this work, parametric uncertainty and epistemic uncertainty of method selection are quantified in flutter analysis of the rudder using evidence theory, and the uncertainty information is extricated from the modal test of actuator coupling system, so that we can obtain the belief and plausibility functions of the velocity region with high risk. We can come to the following three conclusions: Table 6 Main parts of joint proposition C and relevant BBA. (1) When the parametric uncertainty of the actuator coupling system's bending and torsional stiffness with unknown probability distributions, as well as the epistemic uncertainty brought by human factors like selecting flutter analysis method is considered, the rudder has a highly dangerous flutter velocity region. In this region, the probability of flutter is an interval instead of a determined value, which is the basis of flutter risk assessment. Moreover, comprehensive analysis of parametric and method selection uncertainty can provide more detailed and credible results than that of a single kind of uncertainty. (2) With the use of evidence theory, a serious of intervals and relevant BBAs of the parameter can be obtained from result data of the modal test of actuator coupling system with limited sample sizes and unknown probability distribution information. The upper and lower bounds of flutter probability, belief and plausibility, will be achieved by quantification. (3) To select a proper combination rule for constructing combined BBA of multiple information sources and extricating uncertainty information from experiments has a great influence on the UQ results. The weighting lower triangular matrices method presented in this paper can take account of uncertainty induced by the difference in dealing with experimental data by different persons and the reliability of various information sources. It is more comprehensive and available than previous methods.
